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Abstract. The inverse kinematics solution of a dexterous robotic finger has a significant impact 
on the real-time control of the robotic hand. Therefore a rapid method for solving is needed. The 
classical homogeneous matrix transformation is the most popular method used in robot 
kinematics. However, for the multi degree-of-freedom (DOF) robotic finger, the matrix 
parameters cost much storage and the inverse matrix calculation requires a large amount of 
computational cost. So it is not conducive to the real-time control of the robotic hand. Therefore, 
a method based on dual quaternions is presented for analysing the kinematics of a multi-DOF 
(4-DOF) robotic thumb. Firstly, the kinematics equation is expressed by dual quaternions. Then 
the multivariate kinematic equations are converted to binary quadratic equations with methods of 
separating variables and variable substitution, which is relatively easy to obtain the closed-form 
solution of the inverse kinematics. Finally, it proves that the dual quaternions method has 
advantages over the homogeneous matrix transformation in storage and computational cost by the 
specific numbers for the robotic thumb, which is conducive to the real-time control of robotic 
hand. 
Keywords: inverse kinematics, dexterous finger, real-time control, homogeneous matrix 
transformation, dual quaternion. 
1. Introduction 
Dexterous finger is a multi-DOF and multi-link manipulator and its inverse kinematics have 
an important influence on the real-time control of dexterous hand. The thumb usually has the most 
DOFs in the whole hand, so the inverse kinematics of the thumb is the most complicated. 
There are several methods for the formulation of the kinematic equations of manipulators with 
rigid links, including the homogeneous transformation and dual quaternion. The 4×4 matrix or the 
homogeneous transformation is an almost classical formulation of kinematic equation, which is a 
point transformation. The dual quaternion based on screw theory is the most efficient and compact 
way to express a screw displacement and is a line transformation [1, 2]. And Nichoals Aprove that 
the dual quaternion requires less computational time than the homogeneous transformation for the 
manipulators with more than 3 DOFs. And the homogeneous matrix needs 12 parameters to 
express the translation and rotation of rigid body while the dual quaternion 8. Therefore, the dual 
quaternion is an elegant and useful tool for kinematic analysis in many areas such as navigation 
[3], computer vision [4], inverse kinematics [5-7] and so on. 
The relationship between the terminal and reference coordinates of multi-DOF manipulators 
is highly nonlinear [8], which makes the inverse kinematics difficult to solve. The solution of 
inverse kinematics can be classified into two types: closed-form analytical solution and numerical 
solution. Though the closed-form solution mainly relies on the kinematical structure of the 
manipulator, it is faster than the numerical solution and can avoid the singular problem and all the 
possible solutions of inverse kinematics can be given out [9]. The closed-form solution is the most 
ideal solution. The numerical solution is more general, but it can only find one solution for one 
set of initial values. In addition, numerical solution requires iterative calculation and a lot of 
iterative calculation can affect the computational time, which is not conducive to the real-time 
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control. Furthermore, when the numerical method fails to converge, the solution of the inverse 
kinematics can’t be given out [9-11]. 
Many researchers choice the dual quaternion to solve the inverse kinematics of the multi-DOF 
robot manipulators because the kinematic equation with dual quaternion is more concise than that 
with homogeneous matrix, which is easy to get the closed-form solution. For example, Dgan,  
et al. adopt the dual quaternion to express the kinematic equation of 7-link 7R mechanism and get 
the closed-form solution by constructing Dixon resultant [6]; Ni Zhensong, et al. adopt the same 
method to get the closed-form solution of spatial 6R manipulator [7]. 
In this paper, the dual quaternion is applied in the inverse kinematics of 4-DOF thumb and the 
closed-form solution is presented. The algorithm is validated by an example. The whole process 
is very simple and easy to program, which is conducive to the real-time control of dexterous hand. 
2. Quaternions and dual quaternions 
2.1. Quaternions  
The quaternion is a hypercomplex number with four parts and can well solve the problem of 
three dimensional space. A general quaternion has the following form [12]: 
ݍ = ݍ଴ + (ݍଵ݅ + ݍଶ݆ + ݍଷ݇) = ݏ + ܞ, (1)
where ݍ଴,  ݍଵ,  ݍଶ,  ݍଷ  are real numbers and ݅,  ݆,  ݇  are imaginary unit with the property  
݅ଶ = ݆ଶ = ݇ଶ = –1, ݆݅ = ݇, ݆݇ = ݅, ݇݅ = ݆. The quaternion can also be divided into a scalar (ݏ) 
and a 3×1 vector (ܞ). 
Conjugate of the quaternion can be expressed as: 
ݍ∗ = ݍ଴ − ݍଵ݅ − ݍଶ݆ − ݍଷ݇. (2)
The multiplication of two quaternions can be expressed as: 
ݍݍ′ = (ݍ଴ + ݍଵ݅ + ݍଶ݆ + ݍଷ݇)(ݍ଴ᇱ + ݍଵᇱ ݅ + ݍଶᇱ ݆ + ݍଷᇱ ݇) 
       = ݍ଴ݍ଴ᇱ − ݍଵݍଵᇱ − ݍଶݍଶᇱ − ݍଷݍଷᇱ + (ݍଵݍ଴ᇱ + ݍ଴ݍଵᇱ − ݍଷݍଶᇱ + ݍଶݍଷᇱ )݅
       +(ݍଶݍ଴ᇱ + ݍଷݍଵᇱ + ݍ଴ݍଶᇱ − ݍଵݍଷᇱ )݆ + (ݍଷݍ଴ᇱ − ݍଶݍଵᇱ + ݍଵݍଶᇱ + ݍ଴ݍଷᇱ )݇.
(3)
2.2. Dual quaternions 
Quaternions can only be used for analysing of the rotation of rigid body around a fixed point. 
However, a mathematical tool that can express both rotational and translational transformations 
in a spatial mechanism is needed [13]. Dual numbers were introduced by Clifford W. K. in 1873 
and the dual quaternion is a dual number that has two quaternions. The dual quaternion has the 
following form: 
ݍො = ݍ + ߝݍߝ, (4)
where ݍ and ݍఌ are quaternions and ߝ is dual unit with the property ߝଶ = 0. 
Conjugate of the dual quaternion can be expressed as: 
ݍො∗ = ݍ∗ + ߝݍଷ∗. (5)
The multiplication of two dual quaternions can be expressed as: 
ݍො ෠ܳ = (ݍ + ߝݍఌ)(ܳ + ߝܳఌ) = ݍܳ + ߝ(ݍܳఌ + ݍఌܳ). (6)
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The inverse of a dual quaternion can be expressed as: 
ݍොିଵ = ݍො
∗
‖ݍො‖ଶ
,   ݍ଴ ≠ 0, (7)
where ‖ݍො‖ଶis the norm of the dual quaternion, which can be expressed as: 
‖ݍො‖ = ඥݍො∗ݍො = ඥݍොݍො∗ = ඥݍݍ∗ + ߝ(ݍݍఌ∗ + ݍఌݍ∗). (8)
When the dual quaternion ݍො is a unit dual quaternion, that is ‖ݍො‖ = 1, ݍො should meet: 
ݍݍఌ∗ + ݍఌݍ∗ = 0,
ݍݍ∗ = 1,  (9)
then ݍොିଵ = ݍො∗ [14]. 
The rigid body motion in three-dimensional space can be decomposed into rotation and 
translation. Let the unit quaternion (܀) express the rotation and ܌ express the translation vector. 
Therefore, the rigid motion can be described in dual queternions like this: 
෠ܳ = ܀ + ߝ ൬݀܀2 ൰, (10)
where ܀ = cos(ߠ/2) + sin(ߠ 2⁄ )ܖ௥ and ߠ is rotation angle and ܖ௥ is direction vector of rotation 
axis (Fig. 1). 
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Fig. 1. The rotation and translation expressed by dual quaternions 
3. Kinematics of dexterous finger 
This paper uses the 4-DOF thumb as an example to illustrate the method that adopts dual 
queternions to solve the inverse kinematics of dexterous finger. The mechanical structures of the 
thumb are shown in Fig. 2. And the relationship between the coordinate systems is shown in Fig. 3. 
 
Fig. 2. 4-DOF thumb 
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Fig. 3. Relationship between the coordinate systems 
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The Denavit-Hartenberg (D-H) parameters of the thumb are listed in Table 1. 
Table 1. D-H parameters of the thumb 
݅ ߙ௜ିଵ / (°) ܽ௜ିଵ / mm ݀௜ / mm ߠ௜ / (°) 
1 90.0 10 0 ߠଵ
2 –90.0 17 0 ߠଶ
3 40.0 37 7 ߠଷ
4 0 38 0 ߠସ
In this paper, ݀௡  is defined as the distance from ܺ௡ିଵ to ܺ௡  along the ܼ௡ିଵ axis; the other 
parameters are defined according to the classical definitions. 
According to Fig. 3 and Table 1, the transformations of each link lever are expressed by dual 
queternions as follow: 
෠ܳ଴ଵ = ෠ܲ଴௑(ܽ଴) ෠ܴ଴௒(ߠଵ) = ቆ1 +
ߝ(ܽ଴݅)
2 ቇ ൬cos ൬
ߠଵ
2 ൰ + sin ൬
ߠଵ
2 ൰ ݆ + ߝ ∗ 0൰ , (11)
෠ܳଵଶ = ෠ܲଵ௑(ܽଵ) ෠ܴଵ௓(ߠଶ) = ቆ1 +
ߝ(ܽଵ݅)
2 ቇ ൬cos ൬
ߠଶ
2 ൰ + sin ൬
ߠଶ
2 ൰ ݇ + ߝ ∗ 0൰, (12)
෠ܳଶଷ = ෠ܲଶ௓(݀ଷ) ෠ܴଶ௑(ߙଶ) ෠ܲଶ௑(ܽଶ) ෠ܴଶ௓(ߠଷ) 
      = ቆ1 + ߝ
(݀ଷ݇)
2 ቇ ቀcos ቀ
ߙଶ
2 ቁ + sin ቀ
ߙଶ
2 ቁ ݅ + ߝ ∗ 0ቁ ቆ1 +
ߝ(ܽଶ݅)
2 ቇ 
       ∙ ൬cos ൬ߠଷ2 ൰ + sin ൬
ߠଷ
2 ൰ ݇ + ߝ ∗ 0൰,
(13)
෠ܳଷସ = ෠ܲଷ௑(ܽଷ) ෠ܴଷ௓(ߠସ) = ቆ1 +
ߝ(ܽଷ݅)
2 ቇ ൬cos ൬
ߠସ
2 ൰ + sin ൬
ߠସ
2 ൰ ݇ + ߝ ∗ 0൰, (14)
෠ܳସହ = ෠ܲସ௑(ܽସ) = ቆ1 +
ߝ(ܽସ݅)
2 ቇ, (15)
where ܽ଴, ܽଵ, ܽଶ, ܽଷ, ܽସ, ߙଶ, ݀ଷ are known D-H parameters; ߠ௡ represents the angle displacement 
of the ݊-joint, ݊ = 1,2,3,4. The position and orientation of the end of the robotic thumb in the 
Cartesian coordinates are expressed by a dual queternion as follow: 
෡ܰ = ൫ݎ଴ + ݎ௜݅ + ݎ௝݆ + ݎ௞݇൯ + ߝ൫ݏ଴ + ݏ௜݅ + ݏ௝݆ + ݏ௞݇൯. (16)
where ݎ଴, ݎ௜, ݎ௝, ݎ௞, ݏ଴, ݏ௜, ݏ௝ and ݏ௞ represent the position-orientation parameters of the end. 
So, the kinematics equation of the thumb is given by: 
෠ܳ଴ଵ ෠ܳଵଶ ෠ܳଶଷ ෠ܳଷସ ෠ܳସହ = ෡ܰ. (17)
Eq. (17) is separated variables. A new equation is given by: 
෠ܳ଴ଵ ෠ܳଵଶ = ෡ܰ ෠ܳଶଷ
ିଵ ෠ܳଷସ
ିଵ ෠ܳସହ
ିଵ. (18)
It is easy to prove that ෠ܳଶଷ, ෠ܳଷସ and ෠ܳସହ meet Eq. (9), so their inverse is equal to their conjugate. 
Therefore, Eq. (18) can also be expressed as: 
෠ܳ଴ଵ ෠ܳଵଶ = ෡ܰ ෠ܳଶଷ
∗ ෠ܳଷସ
∗ ෠ܳସହ
∗. (19)
Setting left and right sides of Eq. (19) as ෡ܷ and ෠ܸ : 
෡ܷ = ෠ܸ , (20)
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where: 
෡ܷ = ଵܷ + ߝܷଶ = ݑଵଵ + ݑଵଶ݅ + ݑଵଷ݆ + ݑଵସ݇ + ߝ(ݑଶଵ + ݑଶଶ݅ + ݑଶଷ݆ + ݑଶସ݇), (21)
෠ܸ = ଵܸ + ߝ ଶܸ = ݒଵଵ + ݒଵଶ݅ + ݒଵଷ݆ + ݒଵସ݇ + ߝ(ݒଶଵ + ݒଶଶ݅ + ݒଶଷ݆ + ݒଶସ݇). (22)
If two dual queternions are equal, each element should be equal. So, ݑଵ௜ = ݒଵ௜ , ݑଶ௜ = ݒଶ௜  
(݅ = 1, 2, 3, 4) and we get: 
ܦ௝ ൦
ܿߠଵܿߠଶ
ݏߠଵܿߠଶ
ܿߠଵݏߠଶ
ݏߠଵݏߠଶ
൪ = ܥ௝,   ݆ = 1, 2, (23)
where ܿߠ௞ = cos(ߠ௞/2), ݏߠ௞ = sin(ߠ௞/2), (݇ = 1, 2, 3, 4) and ܦ௝ is a 4×4 matrix that is decided 
by the D-H parameters of the thumb and the position and orientation of end-effector; ܥ௝ is a 4×1 
vector, whose elements are the linear expression of ܿߠଷ ܿߠସ, ݏߠଷ ܿߠସ, ܿߠଷ ݏߠସ and ݏߠଷ ݏߠସ. 
Form Eq. (23), we can get: 
ܦଵିଵܥଵ = ܦଶିଵܥଶ. (24)
The left and right sides of Eq. (24) are divided by ܿߠଷ ܿߠସ and we get equations as follow: 
ܧݍ௘(ݐଷ, ݐସ) = ܽ௘ + ݉௘ݐଷ + ݊௘ݐସ + ݌௘ݐଷݐସ = 0, ݁ = 1, 2, 3, 4, (25)
where ݐଷ = ݏߠଷ/ܿߠଷ, ݐସ = ݏߠସ/ܿߠସ, and ܽ௘, ݉௘, ݊௘, ݌௘ are known quantity and decided by the  
D-H parameters of the thumb and the position and orientation of end-effector. Eq. (25) are binary 
quadratic equations. Hence, it is easy to get the closed-form solution of Eq. (25), that is to say, we 
can get the closed-form solution of ߠଷ  and ߠସ . The closed-form solution of ߠଵ  and ߠଶ  can be 
similarly solved through Eq. (23) with known ߠଷ and ߠସ. 
4. Verification and comparison 
4.1. Verification with an example 
Firstly, a simple example is given to illustrate the validity of the proposed method. Let  
ߠଵ = 0.353 rad, ߠଶ = 0.434 rad, ߠଷ = 0.625 rad, ߠସ = 0.764 rad, which are the desired values. 
Then the position and orientation of the end-effector is calculated by the desired angle 
displacements of each joint, which is expressed by the dual quaternion as follow: 
෡ܰ = (0.5943 + 0.4294݅ − 0.0536݆ + 0.6779݇) 
    +ߝ(−0.0128 + 0.0487݅ − 0.0064݆ − 0.0123݇). (26)
Substitute the D-H parameters and Eq. (26) in Eq. (25) and get: 
0.5671 − 0.6969ݐଷ + 1.1478ݐସ + 2.5524ݐଷݐସ = 0,
−9.1484 + 7.8760ݐଷ + 14.4637ݐସ + 6.0844ݐଷݐସ = 0,
−1.8693 + 1.9064ݐଷ + 3.0650ݐସ + 0.1278ݐଷݐସ  = 0,
−2.3280 + 2.1035ݐଷ + 4.0748ݐସ + 0.1538ݐଷݐସ  = 0.
(27)
The solution of Eq. (27) is ݐଷ = 0.3262, ݐସ = 0.4002, that is to say, ߠଷᇱ = 0.6304, ߠସᇱ = 0.7610. 
Substitute ߠଷᇱ  and ߠସᇱ  in Eq. (23) and get ߠଵᇱ =  0.3513,  ߠଶᇱ =  0.4315.  The results of inverse 
kinematics testify that the algorithm is effective. 
Secondly, another example based on trajectories is presented to illustrate the practicality of the 
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method. The trajectories are planned in joint space. For the stability of the manipulator’s motion, 
linear interpolation taking parabolic transition is adopted to plan the trajectories of each joint. And 
the planned trajectories of the four joints are respectively shown in Fig. 4(a), Fig. 5(a), Fig. 6(a) 
and Fig. 7(a). According to the trajectories in joint space, the trajectories of the end of the robtic 
thumb in Cartesian space can be computed. So, the inverse kinematics solution can be gotten by 
using the proposed method with knowing the trajectories of the end, as shown in Fig. 4(b), 
Fig. 5(b), Fig. 6(b) and Fig. 7(b). The computed results of the inverse kinematics are almost equal 
to the planned trajectories in joint space by comparing the Fig. 4-7. Therefore, the dual quaternion 
can be used for solving the inverse kinematics of the multi-DOF manipulator in practice. 
4.2. Comparison with homogeneous transformation  
The above two examples show the feasibility of the dual quaternion for solving the inverse 
kinematics. Furthermore, the dual quaternion outperforms homogeneous transformation in three 
aspects for the multi-DOF (more than 3 DOFs) manipulator [1], as follow:  
1) Storage cost: For one transformation, the dual quaternion requires eight memory locations, 
while homogeneous transformation needs12, since the elements of the fourth row are known 
constants. According to Eq. (17), we know that the dual quaternion method requires 48 memory 
locations at least for an inverse kinematic computation, while homogeneous transformation 
requires 72. It is obvious that the storage cost of the dual quaternion method is minimum. 
2) Computational cost: We define that the sign+ represents addition and subtraction operations 
and the sign* represents multiplication operations. The multiplication of two 4×4 homogeneous 
matrices needs 48* and 36+ [1]. The inverse of homogeneous matrix requires 9* and 6+. The 
multiplication of two dual quaternions needs 48* and 36+. The inverse of dual quaternions needs 
no computational cost. Therefore, the computation of (18) needs 219* and 162+ for homogeneous 
transformation, while 192* and 144+ for the dual quaternion. 
3) Computational time: The storage and computational cost can both affect the computational 
time. Fetching an operand from memory will cost computational time. And the computational 
time of an addition is less than one multiplication. It turns out that the computational time of 
homogeneous transformation is more than the dual quaternion for the inverse kinematics of 4-DOF 
thumb according to the conclusions of 1) and 2). 
In one word, the homogeneous transformation method needs more storage and computational 
cost than the dual quaternion method, which leads to more computational time that the former 
requires than the latter. 
5. Conclusions 
The dual quaternion is applied in the inverse kinematics solution of 4-DOF dexterous thumb, 
which greatly simplifies the process of getting the closed-form solution and provides a new 
thinking for the inverse kinematics solution of multi-DOF dexterous finger.  
Through comparing with the homogeneous transformation, we can conclude that the dual 
quaternion can simplify the kinematics equation, effectively reduce the storage and computational 
cost, greatly improve computational speed and satisfy the requirements of the real-time control of 
dexterous hand. However, the dual quaternion has no advantage over the homogeneous 
transformation for the finger with less than 4 DOF. 
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